Introduction
The sharp Marchaud inequality
was proved for some measures of smoothness ω r (f, t) L p (D) ≡ ω r (f, t) p and some domains D (see [Zy] , [Ti] , [Di, 88] , [To] , [Di, 99] and 05] ). Such results are an improvement over the classical Marchaud inequality, that is (1.1) for 1 ≤ p < ∞ and q = 1, and it was shown in [Zy] that q of (1.1) is best possible for 1 ≤ p < ∞. Using a result of the type (1.1), one usually obtains
with the appropriate best n-th degree approximation E n (f ) p . We will show here that L p (D), 1 < p ≤ 2 and 2 ≤ p < ∞, can be replaced by Orlicz spaces with the Orlicz function M (u) for which M (u 1/p ) and M (u 1/2 ) are convex respectively. There are two methods of proof for inequalities like (1.1). The first is by using a Littlewood-Paley type inequality (used by [Zy] , [Ti] and 05] ) and the second one uses the concept of power-type q from the geometry of Banach spaces (see [Di, 88] and [Di, 99] ). Each method has advantages, that is, enables one to obtain a more general result than the other in some direction. Here we use a result from the geometry of Banach spaces ( [Ma -Tr] ) to obtain an inequality of type (1.1) 2 Z. DITZIAN AND A. V. PRYMAK for Orlicz spaces for which M (u 1/q ) is convex for some q, 1 < q ≤ 2, where M (u) is the Orlicz function. As we do not know a Littlewood-Paley type inequality for these spaces, it is natural to opt for the alternative method.
In Section 2 we derive the ingredients needed, and as corollaries obtain the analogues of (1.1) for T d , R d and S d−1 with the appropriate measure of smoothness ω r (f, t) B . In Section 3 we give the analogues of (1.2) with the corresponding concepts of best approximation and the required additional proofs either quoted or given directly.
The sharp Marchaud inequality
Traditionally, a Banach space B is said to be of power-type q if (2.1)
In [Di, 88] the following alternative equivalent definition was introduced and used for proving the sharp Marchaud inequality:
where L is independent of h and g. The Orlicz function M (t) on [0, ∞) is an increasing convex function satisfying M (0) = 0. We assume here (as is commonly done) the ∆ 2 condition, that is 
Maleev and Troyanski Theorem 1] proved the following theorem.
where B is the Orlicz space generated by the Orlicz function M (t) but endowed with the equivalent norm
given by (2.1) with the norm of B given by (2.3) .
Proof. As M (u 1/q ) is convex and M (0) = 0, we have
and we may choose l such that l q < 1 2 l. We now use (2.4) to obtain
Using Lemma 2.2, we obtain the sharp Marchaud inequality for
and f B is any norm equivalent to (2.3).
The case q = 1 in Theorems 2.3 and 2.4 was already covered by the classical Marchaud-type inequality (see also [Di, 88] and [Di, 99] ).
Proof of Theorem 2.3. We use the norm given in (2.3) by N (u) and note that for this norm translation is an isometry and η B (τ ) ≤ cτ q . Therefore, the conditions of Theorem 1 of [Di, 88] are satisfied and (2.5) is valid with ω r (f, t) B defined by (2.6) using the norm B given in (2.3) . Once (2.5) is satisfied for the norm given by (2.3) , it is valid for all equivalent norms (including that defined by (2.3)). We may Proof. We note that (2.7) is the modulus of smoothness introduced in [Di, 99] and follow the proof of Theorem 2.3 to deduce Theorem 2.4 from [Di, 99, Theorem 3 .1].
Converse theorems
In this section we will give estimates of ω r (f, t) B in terms of best approximation for the Orlicz spaces described in Lemma 2.2. We note that the concepts of best approximation on T d , R d and S d−1 differ and will be defined separately in each case. In this section n is a positive integer.
Theorem 3.1. Suppose B is an Orlicz space of functions on
Proof. We first observe that for a trigonometric polynomial of degree n (as in (3.2)) we have ∂ ∂ξ
and hence
Therefore, for any Banach space B of functions on T d for which translation is an isometry
For the proof of (3.4) (which follows from the technique in [Di, 80] ), we observe that for g ∈ B * (where B * is the dual to B)
and as ε > 0 is arbitrary, (3.4) is established. We observe that it is sufficient to prove (3.1) for some equivalent norm, and we use the Luxemburg form of the Orlicz space with M (u) (or N (u) of the MaleevTroyanski Theorem) for which translation is an isometry. We choose c in Theorem 2.3 so that E 1 (f ) B = f − c B , and use the following (equivalent) form of (2.5)
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We set for the estimate of
where P j , which is of degree j − 1, satisfies f − P j B = E j (f ) B . Using the above, we have
Using Jensen's inequality, we derive
with C 2 independent of f and k. Substituting (3.6) in (3.5), we conclude
which is equivalent to (3.1).
As a corollary of the technique used in the proof of Theorem 3.1, we obtain also the following result.
Theorem 3.2. Suppose B is a Banach space of functions on
where ω r (f, t) B and E n (f ) B are given by (2.6) and (3.2) respectively.
Proof. We use (3.4), which was proved for B of the present theorem, together with (2.5) with q = 1 (which is well-established for B of the present theorem) to complete the proof of (3.7).
For R d we have the following result. 
and wheref
Proof. By monotonicity of ω r (f, t) B , u rq−1 and of E u (f ) q B , we have to prove only
which is equivalent to (3.8). Using (3.5) (and observing that here E 1 (f ) 
where ∆ is the Laplacian. We now apply [Di, 89, Theorem 6 .2] to obtain
We use the linear operator O = ∆ r h η u with the delayed means operator η u (satisfying η u ϕ u = ϕ u ) given by
, η(y) = 0 for y ≤ 1 and η(y) = 0 for y ≥ 2 (see [Da -Di, 04, Section 2]). We now follow [Ka -Ma, Theorem 1.1] to obtain (3.10) for our Orlicz space. Actually (3.10) can be proved directly and for a wider class of spaces, but as it is just a step in our proof, it will lead too far away from the topic. We now follow the proof of Theorem 3.1 to obtain (3.8) .
For the sphere, the analogue of Theorems 3.1 and 3.3 is given in the following result. Proof. Following the proof of Theorem 3.1 and of [Di, 99, Theorem 4 .2], we observe that it is sufficient to prove for our space B The inequality (3.12) was proved in [Di, 99, (4.5 , we obtain (3.12) for our Orlicz space and complete the proof.
